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Problem 4.62

Work out the spin matrices for arbitrary spin s, generalizing spin 1/2 (Equations 4.145 and
4.147), spin 1 (Problem 4.34), and spin 3/2 (Problem 4.61). Answer:

s 0 0 e 0
0 s—1 0 -0
S.=h 0 0 s—2 -+ 0 :
0 0 0 —s
0 b 0 0 0 0
bs 0 bs_q 0 0 0
0 bs_q 0 bs_o 0 0
s,="10 0 b 0 0 0
2 . :
0o 0 0 0 0  b_gi1
O 0 0 0 bogi1 O
0 —ubs 0 0 0 0
ibg 0 —ibs_1 0 s 0 0
0 ibs_q 0 —ibs_9 - 0 0
s _tlo 0 by 0 - 0 0
! 2 . . . . . .
0 0 0 0 - 0  —ib_g
0 0 0 0 v by 0
where
b=V (s+i)(s+1—j).
Solution

A particle with spin s has ms = —s, —s+ 1, —s+2,..., s — 2, s — 1, s by Equation 4.137 on page
166. Spin eigenstates are denoted by |s my); with this in mind, there are 2s + 1 possibilities.

|s 5)
|s s —1)

|s s —2)

|s —s+2)
|s —s+1)

|s —s)
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If

X1

X2

X3

X2s—1 =

X2s =

www.stemjock.com

e}

o

o = O

represents |s s)

represents |s s — 1)

represents |s s — 2)

represents |s —s + 2)

represents |s —s + 1)
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and

X2s+1 =

e}

0
0
1

then the general spin state for the particle can be written as

A,
As
As

A2571
A2s

_A25+1_

= Z Aana
n=1

= O

0
0
0

0
0
1

0
0
0

represents |s —s),

)

+ Az || 4+ Age + Ags i1

_ O

= Aix1 + Aaxa + Asxs + - -+ Aas—1x2s—1 + AasX2s + Aas+1X2s+1

where (x|x) = x"x = |A1]? + [A2]? + |A3]® + - - - + |Ags_1|? + | A2s|? + | A2s11]? = 1 because the
spinor must be normalized. Use Equation 4.135 on page 166 to determine the matrix equations

involving S2.

S2|s ms) = h2s(s +1)|s ms)

www.stemjock.com

S2|s s) = h2s(s 4+ 1)|s s)

S%ss—1)=h?s(s+1)[s s — 1)

S2%|s s —2) = h?s(s +1)|s s — 2)

S%s —s+2) = h%s(s+ 1)|s —s +2)
S2%|s —s4 1) = h%s(s +1)|s —s +1)

S2|s —s) = h2s(s 4+ 1)|s —s)

(S%x1 = R2s(s + 1)x1
S%x2 = h?s(s + 1)x2

S%xs = h?s(s + 1)x3

S2X25—1 = h23(5 + 1)X25—1

52X2s = h25(5 + 1)X23

S*Xas+1 = h?s(s + 1)x2s41



ar
a21

A (2s)1
L2(2s4+1)1

an
a21

Qa(2s)1
L3 (25+1)1

a1
a21

a(25)1
L2(2s4+1)1

a1
a21

a(25)1
L2(254+1)1

These 2s 4+ 1 matrix equations yield a system of equations for the matrix elements of S2.

a2 T a1(2)

a2 Tt A2(2s)
Q(2s)2 T (2s)(2s)
A(2s+1)2 A(25+1)(2s)
ai2 T ay(2s)

a2 T A(2s)
Q(2s)2 T Q(26)(2s)
A(25+1)2 A(25+1)(2s)
ai2 Tt A1(2s)

a2 Tt Gg(2s)

A (25)2 Tt ((26)(2s)
A(2s+1)2 A(2s+1)(2s)
ai2 Tt A1(2s)

a2 Tt Gg(2s)

A (25)2 Tt ((26)(2s)
A(2s+1)2 A(25+1)(2s)

www.stemjock.com

a1(2s4+1)
a2(2s+1)

Q(2s)(2s+1)
A(2s4-1)(2s+1) |

a1(2s+1)
A2(25+1)

(2s)(2s+1)

A(25+1)(25+1)

a1(2s+1)
a2(2s+1)

Q(2s)(25+1)
A(254-1)(2s+1) |

a1(2s+1)
a2(2s+1)

Q(2s5)(25+1)

A(254-1)(2s+1) |

= h2s(s+1)

=h2s(s+1)

= h2s(s+1)

=h2s(s+1)

ai
a1

a(2s)1
| A(25+1)1

a2
a22

a(2s)2

| &(25+1)2

ai(2s)
az(2s)

Q(25)(2s)

| A(25+1)(25)

a1(2s+1)
a2(2s+1)

QA(25)(2s+1)

| A(25+1)(25+1)

= h2s(s +1)

=hs(s+1)

= h2s(s +1)

a1 = hzs(s +1)
ags1 = 0

a(25)1 = 0

ags+1y1 =0

(alg =0

agy = h2s(s +1)

A(25)2 = 0

= h2s(s+1)

a2s+1)2 =0

ay(zs) =0

ag(2s) = 0

a(23)(23) = hQS(S + 1)

a(2s+1)(2s) = 0

ar@s+1) =0

ag2s+1) =0

a(2s)(25+1) = 0

ast1)(2s41) = PPs(s + 1)
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Therefore, using |s s), [ss—1), [ss—2), ..., |s —s+2), |s —s+ 1), and |s —s) as a basis, the
matrix representing S2 for a particle of spin s is

S? = h2s(s + 1)

100

O =

000
000
000

)

0

o

S =

1

= h2s(s + 1)L

Use Equation 4.135 on page 166 to determine the matrix equations involving S, .

S:ls ms) = hms|s ms)

www.stemjock.com

—

S.|s s) = hs|s s)

Siss—1)=h(s—1)[ss—1)

Silss—2)=h(s—2)|ss—2)

Sils —s+2) =h(—-s+2)|s —s+2)

S.s —s+1)=h(—-s+1)|s —s+1)

S.|s —s) = —hs|s —s)

S:x1 = hsx1
SZX2 - h(s - 1)X2

S:x3 = h(s —2)x3

SzX2s—1 = h(—S + 2)X2s—1
SZXQS = h(—S + 1)X25

S:X2s+1 = —hsSX2s+1



These 2s + 1 matrix equations yield a system of equations for the matrix elements of S,.

aiy a2

az1 a22

a(2s)1 a(2s)2
[A(2s4+1)1  Q(2s4+1)2

ail a2

a1 a22

Q(26)1 Qa(2s)2
LA(25+1)1  @(25+1)2

ail ai2

az1 a2

Q(2s)1 Q(2s)2
L3(25+1)1  @(25+1)2

www.stemjock.com

a1(2s)
az(2s)

(2s)(2s)
A(25+1)(2s)

a1(2s)
ag(2s)

a(25)(2s)
(25+1)(2s)

a1(2s)
az(2s)

a(2s)(2s)
(25+1)(2s)

a1(2s4+1)
A2(2s+1)

Q(2s)(2s4+1)

A(2s41)(2s+1) |

A1(2s+1)
A2(25+1)

Q(2s5)(25+1)

A(25+1)(25+1)

a1(2s+1)
A2(2541)

a(2s)(2s4+1)

A(25+1)(25+1)

= hs

=h(s—1)

= h(s —2)

_= o

@)

aiy
a1
a31

A(25—1)1
Qa(25)1

| @(25+1)1]

a2
a22
az2

a(25—1)2
a(2s)2

| @ (25+1)2]

ais
a23
ass

a(2s—1)3
a(2s)3

| A(25+1)3 ]

= hs

)

=h(s—1)

=h(s —2)

=)

(@)

'all = hs
a1 = 0
az; =0

a2s—1)1 =0
a(25)1 = 0

ags+1)1 =0

alp = 0
a9 — h(s — 1)
azo = 0

as—1)2 =0
a(2s)2 =0

a(2s+1)2 =0

(a13 =0
a3 =0
a3z — h(s — 2)

a2s—1)3 =0

A(25)3 = 0

a(2s+1)3 =0
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ai
a1

Qa(25)1
L A(25+1)

ai
a1

Qa(25)1

ai
a1

Qa(25)1

| A(2s+1)1  @(25+1)2

LA(2s+1)1  A(25+1)2

a2 T Ar(2s)
a22 Tt A2(2s)
a(2s)2 T Q(26)(28)
1 @(2s+1)2 A(25+1)(2s)
a2 T Qr(2s)
a2 Tt A2(2s)
Q(25)2 T G(26)(29)
A(25+1)(2s)
a2 T A1(2s)
a2 Tt A2(2s)
a(2s)2 T Q(26)(28)
A(25+1)(2s)
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a1(2s+1)
a2(2s+1)

QA(25)(2s4+1)

a(2541)(2s+1)

a1(2s+1)
a2(2s+1)

QA(25)(2s4+1)

a(2541)(25+1)

a1(2s+1)
a2(2s+1)

QA(25)(2s4+1)

a(2541)(25+1)

=h(—s+2)

=h(—s+1)

)

= —hs

jan)

a1(2s—1)
az(2s—1)
a3(2s—1)
: =h(—s+2)

A(25—1)(25—1)
Q(2s5)(25—1)

| A(254+1)(25—1) ]

ay(2s) 0
as(2s) 0
as(2s) 0
: =h(-s+1)

a(25—-1)(2s) 0
a(25)(2s) 1
A (254+1)(2s) 10

a1(2s-+1) 0
a2(2s+1) 0
a3(2s+1) 0
: = —hs
A(25—1)(2s5+1) 0
Q(2s5)(25+1) 0
| A(2541)(25+1) 1]

o

e}

ay2s-1) =0
az(2s—1) = 0
ag(zs—1) =0

a2s-1)(2s—1) = P(—5 +2)
a(2s)(2s—1) = 0

LA (25+1)(25—1) = 0

p

@1(2s)
2s)
2s

@3(2s)

1 0
(12( 0
3 0

a(2s—1)(2s) = 0
=h(—s+1)

[ @2s+1)(25) = 0

@(2s)(2s)

.
a1(2s+1) =

A2(2s+1) =

o o O

a3(2s+1) =

a(2s—1)(2s+1) = 0

a(2s)(25+1) = 0

L A(25+1)(2s4+1) = —hs
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Therefore, using |s s), [ss—1), [ss—2), ..., |s —s+2), |s —s+ 1), and |s —s) as a basis, the matrix representing S, for a particle of
spin s is

[s 0 0 0 0 0]

0 s—1 0 0 0 0

0 0 s-—2 0 0 0

S:=h f : " : : :

0 0 0 e =542 0 0

0 0 0 e 0 —-s+1 0

o 0 0 - 0 0 —s]

The operators, S, and S, are defined in terms of the raising and lowering operators, S and S_, by

{5+ =Sy +iSy {s+ =S, +1iS,

S =8, —iS,

S =S, —iS,

Add the respective sides of these equations to eliminate S,. Subtract the respective sides of these equations to eliminate S,.

Sy +S_ =25, — S,= %(s++s,)

S, —S_ =25, — sy:%(s+—s_)

Use Equation 4.136 on page 166 to determine the matrix equations involving S, .

Si|sms) = hy/s(s + 1) — mg(ms + 1) |s (ms+1))

—

Silss)=0]|ss—+1)
Sylss—1) = hv/2s]s s)

Sils s —2) =hy/2(2s — 1) [s s — 1)
Sils s —3) =ny/6(s — 1) s s — 2)

Sils —s+2) =hy6(s—1)|s —s+3)
Sils —s+1) =hy/2(2s—1)|s —s+2)

[ Stls —s) = h2s|s —s+1)

(S.ix1=0
Six2 = hV2sx1
Sixs =hv2(2s—1) x2

Sixa=hy/6(s —1)x3

Six2s—1 = h/6(s — 1) x25—2

S+X25 = h 2(28 — 1) X2s—1

Six2s+1 = hV2s x5
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These 2s + 1 matrix equations yield a system of equations for the matrix elements of S,.

ail
a21

a(2s)1
@ (25+1)1

ail
a21

a(2s)1
| @(254+1)1

ai
a21

a(2s)1
[ @(254+1)1

a12
a22

a(25)2
A(2s5+1)2

a12
a22

a(2s)2
A(254+1)2

a12
a22

a(25)2
A(25+1)2

Qa1(2s)
Qaz(2s)

A (25)(2s)
A(2s5+1)(2s)

a1(2s)
a2(2s)

a(2s)(2s)
A(25+1)(2s)

a1(2s)
az(2s)

a(25)(28)
A(2s+1)(2s)
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a1(2s+1)
a2(2s+1)

Qa(2s)(25+1)

A(25+1)(25+1)_

a1(2s+1)
a2(25+41)

a(2s)(2s+1)

A(25+1)(25+1)_

a1(2s+1)
A2(25+1)

a(2s)(2s+1)

A(25+1)(25+1)_

S = O

)

0
0
0
0
0
_O_
-
0
0
= hV/2s |:
0
0
—0—
=hy/2(2s—1)

O = O

[an)}

ai
a21
az1

a(2s-1)1
a(2s)1

L@(25+1)1

ai2
as2
a32

a(25—1)2
Q(2s)2

LA(25+1)2]

ai3
a23
a33

a(25—1)3
a(2s)3

[ @(25+1)3]

0
0
0
0
0
_O_
=
0
0
=hV2s |:
0
0
—0—
=hy/2(2s —1)

o = O

o

(a11 =
ag1 = 0
asy = 0

a2s—1)1 = 0
aps1 =0

a2s41)1 — 0

a1z = h2s
ago = 0
asp = 0

a3z — 0
a(2s-1)3 =0
a(25)3 = 0
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a1
a21

A (25)1
LA (25+1)1

a1
a21

a(25)1
L&(2s4+1)1

a1l
a21

a(25)1
L2(2s4+1)1

a2 T A1(2s)

a2 Tt Ag(2s)
QA(2s)2 Q(2s)(2s)
A(2s+1)2 (25+1)(2s)
ai2 T A1(2s)

a2 T A2(26)

A (25)2 Q(25)(2s)
A(2s+1)2 A(25+1)(2s)
ai2 T A1(2s)

a2 Tt Gg(2s)
Qa(25)2 QA(25)(2s)
A(2s+1)2 A(25+1)(2s)
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a1(2s+1)
a2(2s+1)

A (25)(2s+1)

Q(2541)(25+1)

A1(25+1)
A2(25+1)

A (25)(2s4+1)

A (2541)(2541)

Qa1(2s+1)
A2(25+1)

A (25)(2s4+1)

Q(2541)(25+1)

_ o oo
Il

h

=h

=h

6(s—1)
6(s—1)
2(25 — 1)

a14
a24
a34

A(25—1)4
a(2s)4

[ B (254+1)4]

a1(2s—1)
az(2s—1)

A(2s—2)(2s-1) | — h

A(25—1)(2s—1)
Q(2s5)(25—1)

| A(2541)(25—1) ]

a1(2s)
az(2s)
as(2s)
. — h

A(25—1)(2s)
a(2s)(2s)

| A(2541)(25) ]

hi/6(s — 1)

6(s—1)

2(2s5 — 1)

.
a4 =0

a24:0

azqs = hy/6(s — 1)

azs—1)4 =0

a2s)s =0

a2s11)4 =0

ay(s—1) =0

as(2s—1) =

a(25-2)(25—1) = P\/6(s — 1)
a(25—1)(2s—1) = 0
a(2s)(2s—1) = 0

a(2s41)(2s-1) =0

a1(2s) = 0
ag(2s) =0
ag(2s) =

a(2s—1)(25) = I 2(2s 1)
a(2s)(25) = 0

L @(2s+1)(25) = 0

29’} WD[QOIJ :9¢ SOIURYDIDA winjuent) syjrio)
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o ) ) ) o ays+1) =0
- | 0 @1(2s+1) 0 az2s+1) =0
ai a2 T a1(2e) a1(25+1) 0 0 a2(25+1) 0 0
as1 az? T Ag(2e) a2(2s+1) 0 0 a3(2s+1) 0 @3(2s+1) =
: hv/2s =hV2s |
a(2s)1 a(25)2 T G(26)(29) Q(2s5)(2s+1) 8 (1) A(25—1)(2s+1) (1] A(25—1)(2s+1) = 0
LA(2s+1)1  Q(2s+1)2 """ @(254+1)(2s) Q(25+1)(2s+1) QA(2s)(25+1) B
1] 10 [ @ (25+1)(25+1)] 10 H(2s)(2s41) = hv/2s
A(2s41)(2s+1) = 0
Therefore, using |s s), [ss— 1), |ss—2), ..., |s —s+2), |s —s+ 1), and |s —s) as a basis, the matrix representing S for a particle of
spin s is
[0 V2s 0 0 0 0 0 |
0 0 225-1) 0 0 0 0
0 0 0 6(s—1) 0 0 0
S, =1 D : ' : : :
0 0 0 0 6(s—1) 0 0
0 0 0 0 0 22s—1) 0
0 0 0 0 0 0 V2s
0 0 0 0 0 0 0 |
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Use Equation 4.136 on page 166 to determine the matrix equations involving S_.

S-|s s) = hv2s|s s — 1) S_x1=hV2sx2

S_|ss—1)=hy/2(2s —1)]s 5 —2) S_x2=hy/2(2s = 1) x3

S_|ss—2) = h/6(s—1)|s s — 3) S_x3=hy6(s —1)x4
S_[sms) = hy/5(s + 1) — ma(mas — 1) |s (ms—1)) — < =

S_|s —s+3) =h/6(s —1)|s —s+2) S_Xas—2 = h/6(s — 1) xas_1

S_|s —s+2) =h/2(2s—1)|s —s+1) S_X2s—1 = h/2(25 — 1) Xas

S_|s —s+1) =hV2s|s —s) S_x2s = V25 x2s41

S_|s —s) = 0fs —s— 1) S_Xosi1 =0

These 2s + 1 matrix equations yield a system of equations for the matrix elements of S_.

a1 =0
(17 (0] [a11 i (0]
_ - = hV2
ai arz T An(2s) a1(2s41) 0 1 a1 1 = 2s
a1 22 S Q2(2) a2(2s+1) 0 0 asi 0 a1 =0
: = hV/2s — = hV/2s =
a(2s)1 a(25)2 Tt (28)(29) a(25)(25+1) 0 0 A(2s-1)1 0 as—1)1 =0
[Qsr1)1 Q@s+1)2 0 Q(2s+1)(2s)  G(2s+1)(2s+1) ] |0 0 a(2s)1 0 " _
10 u | @(25+1)1] 10} (291
a(2s+1)1 =0
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all
a1

a(2s)1
L&(2s+1)1

a1
a21

a(2s)1
L2(2s+1)1

a1
a21

Q(2s)1
L3 (25+1)1

a12 T an(2s)

a2 Tt G(2s)
a(2s)2 Q(25)(2s)
A(2s+1)2 A(25+1)(2s)
) T a1(2s)

a2 T A2(26)

A (25)2 QA(25)(2s)
A(2s+1)2 A(25+1)(2s)
a12 T ay(2s)

a22 T A2(2s)
QA(2s)2 a(2s)(2s)
A(25+1)2 A(25+1)(2s)

www.stemjock.com

a1(2s+1)
a(2s+1)

A(25)(25+1)

A (2541)(2s+1)

a1(2s+1)
a(2s+1)

Q(2s)(25+1)

A (2541)(25+1)

a1(2s+1)
a2(25+1)

Q(25)(25+1)

A(25+1)(25+1) |

S = O

)

[en}

oo~ -

=h

=h

=h

2(2s — 1)
6(s—1)
6(s—1)

[an}

ai2
a22
as2
=h

A(25—1)2
Q(25)2

[ @ (254+1)2]

ai3
azs
ass
=h

a(25—1)3
Q(25)3

[ (2541)3 ]

a1(25—2)
a2(25—2)
a3(25—2)

A(25—1)(25—2)
Q(25)(25—2)

| & (25+1)(25—2)

0
0
1
225 — 1) |:
0
0
—0—
o]
0
0
6(s—1) |1
0
—O—
[0
0
0
=hy/6(s—1) |:
1
0
10

a13 =
a3 — 0
aszs3 — 0

(a1(25—2) =0

a(2s—2) = 0

az(2s—2) =0

A(25—1)(25—2)
QA(25)(25—2) =

A(2541)(25—2)

= hy/6(s — 1)

0

=0
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ai
a21

Q(2s)1
L2(2s+1)1

a1
a21

a(25)1
L2(254+1)1

all
a1

Qa(2s)1
LA(2s+1)1

) T a1(2s)

a2 Tt Gg(2s)

A (25)2 Q(25)(2s)
A(2s+1)2 A(25+1)(2s)
a2 Tt A1(2s)

a2 T A2(26)

A (25)2 Q(25)(2s)
A(2s+1)2 A(2541)(2s)
a12 T an(2s)

a2 Tt A2(2s)
Q(2s)2 Q(25)(2s)
A(2s+1)2 A(25+1)(2s)
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a1(2s+1)
a(2s+1)

Q(25)(25+1)

A (2541)(25+1)

A1(25+1)
A2(25+1)

A (25)(2s4+1)

Q(2541)(2541)

A1(2s+1)
a(2s+1)

Q(25)(25+1)
A (2541)(2s+1)

[en}

= h/2(25 — 1)
-
0
0
=hV2s |:
0
0
_1_
-
0
0
0
0
—0—

)

O =

a1(2s—1)
a2(2s—1)
a3(2s—1)
: =h

A(25—1)(2s—1)
A(2s5)(25—1)

| @(25+1)(25—1)

ai(2s)
az(2s)
as(2s)

A(25—1)(2s)
a(2s)(2s)

@ (254+1)(2s)

a1(2s+1) 0
a2(2s+1) 0
a3(2s+1) 0

A(25—1)(2s+1) 0
A(2s5)(25+1) 0

| A(254+1)(25+1) ] 10

2(2s — 1)

)

jam)

)

O =

(a1(25-1) =0
as2s—1) =0
az(zs—1) =0

A(25—1)(2s—1) = 0
a2s)(25-1) = N\/2(25 — 1)

L @(25+1)(25-1) =0

ai(2s) = 0
az(2s) = 0
az(zs) =0

a(2s—1)(2s) = 0
a(2s)(25) = 0
A(2541)(25) = hv/2s

(a1(25+1) =0
A2(2s+1) = 0
=0

a3(2s+1)

a(2s—1)(2s+1) =0

A(2s5)(2s+1) — 0

A(25+1)(25+1) = 0
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Therefore, using |s s), [ss—1), [ss—2), ..., |s —s+2), |s —s+ 1), and |s —s) as a basis, the
matrix representing S_ for a particle of spin s is
[0 0 0 0 0 0 0
V2s 0 0 0 0 0 0
0 2(2s —1) 0 0 0 0 0
s _n 0 0 6(s—1) :
: : : 0 0 0 O
0 0 0 6(s—1) 0 0 0
0 0 e 0 0 2(2s—=1) 0 0
L 0 0 0 0 0 V2s 0]

By Equation (2), using the same basis, the matrix representing S, for a particle of spin s is

1
Sy = 5:(S+—5-)

[0 V2s 0 0 0 0 0 ]
0 0 2(25 — 1) 0 0 0 0
0 0 0 6(s—1) 0 0 0
:i I : ' :
2i 0 0 0 0 /6(s—1) 0 0
0 0 0 0 0 22s—1) 0
0 0 0 0 0 0 V2s
0 0 0 0 0 0 0
) 0 0 0 0 0 0]
V2s 0 0 0 0 0 0
0 2(2s — 1) 0 0 0 0 0
sl 0 0 6(s —1)
0 0 0 0
0 0 0 6(s —1) 0 0 0
0 0 0 0 22s—1) 0 0
) 0 0 0 0 V2s 0]
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Therefore, using |s s), [ss—1), [ss—2), ..., |s —s+2), |s —s+ 1), and |s —s) as a basis, the
matrix representing S, for a particle of spin s is

0 —ib, 0 0 0 0 0
iy 0 —ibey O 0 0 0
0 sy 0 —ibys O 0 0
o _h|0 0 b
Yy 5 )
21 : . 0 —ibyy O 0
o 0 - 0 ibas 0 —ibgs O
o 0 - 0 0 ibsse 0 —ibogp
0o 0 .. 0 0 0 b O |

where b; = /(s +j)(s + 1 —j) = \/s2+s—j2+j=+/s(s+1) — j(j — 1) is the square root
term in the eigenvalue of S_. And by Equation (1), using the same basis, the matrix representing
S, for a particle of spin s is

1
Se = 5(S++5-)

0 V2s 0 0 0 0 0 ]
0 0 2(25 — 1) 0 0 0 0
0 0 0 6(s—1) 0 0 0
_1s
2 0 0 0 0 /6(s—1) 0 0
0 0 0 0 0 2(2s—1) 0
0 0 0 0 0 0 V2s
0 0 0 0 0 0 0 |
0 0 0 0 0 0 0]
V2s 0 0 0 0 0 0
0 2(2s — 1) 0 0 0 0 0
h 0 0 6(s—1)
: 0 0 0 0
0 0 0 6(s — 1) 0 0 0
0 0 0 0 22s—1) 0 0
L0 0 0 0 0 V2s 0]
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Factor i and add the matrices.

0 V2s 0 0 0 0
V2s 0 2(25 — 1) 0 0 0
0 2(25 — 1) 0 6(s — 1) 0 0
5, — g 0 0 6(s—1)
0 6(s — 1) 0 0
0 0 6(s—1) 0 2(2s—1) 0
0 0 0 2(25 — 1) 0 V2s
I 0 0 0 0 V2s 0

Therefore, using |s s), [s s — 1), [ss—2), ..., |

s —s+2), |s —s+1), and |s —s) as a basis, the

matrix representing S, for a particle of spin s is

0 b 0 0
bs 0 bs_q 0 0 0 0
0 bs_q 0 bs_o 0
Sx:g 0 0 bs_o
0 boss O 0
0 bsz 0 b2 O
0 0 b_sy2 0 bosq1
0 0 - 0 0 0 by O

where bj = /(s +j)(s + 1 —j) = /s2 +s—j2+j = /s(s + 1) — j(j — 1) is the square root

term in the eigenvalue of S_.
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Alternatively, one can use the approach of Problem 3.39 and represent the nth eigenspinor y,, as
the ket |n). With my chosen eigenspinors, the spin operators from page 166 satisfy

S%n) = h2s(s + 1)|n)
Sz|n) = hls = (n = 1)]|n)

Sifn) =hy/s(s+1) = [s = (n=Dls — (n = 1) + 1] |n — 1)

S ny=hys(s+1)—[s—(n—1)][s—(n—1)—1]|n+1)
So then the matrix elements of S? (with row n and column n') are
(n|§*|n') = (n] - ($%In'))
= (n]-[P*s(s + 1)|n")]
= I%s(s + 1) {n|n')

= h2s(s + 1)0p
the matrix elements of S, are

(n|S:|n') = (n|-(S:In))
= (n|-[A(s = n' + 1)|n)]
=h(s—n'4+1)(n|n)

— h(S — ’I’l/ + 1)(571771’7
the matrix elements of Sy are

(n|Sy|n') = (n]-(Spn))

= (] [/s(s T 1) — (s -/ + 1)(s — 1w + 2) |n’ — 1)]

=hy/s(s+1)—(s—n/+1)(s—n'+2)(n|n —1)

=h/[2(s + 1) = n/](0 — 1) b1,
and the matrix elements of S_ are

(n]S_|n') = (n|-(S-In"))

=(n|- [h\/s(s—l—l) —(s=n'+1)(s—n)|n' +1)]

=hy/s(s+1) = (s —n/ +1)(s —n/) (n|n/ +1)
=hyn'(2s —n' +1) 6 n41-
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As a result, the matrix elements of S, are

1

(n] Sz |n) = 5 ((n] 84 [n') + (n] S-|n)

- % {h\/[2(s +1) = n/|(n = 1) 6y -1 + ﬁmén’”'“}

= g {\/[2(3 F1) = 0] — 1) b1 + \/m(gm/ﬂ} ,

and the matrix elements of S, are

(n] Sy n') = oz ((n] Sy [ ) — (0] S| )

= % (/B0 1) = 00 = 1) By — B/ (25— 14 1) B}

- % (Vi@ =0+ 1) nrss = VG D) = w0 = 1) b }
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